Stock trading based on Kelly's celebrated Expected Logarithmic Growth (ELG) criterion, a well-known prescription for optimal resource allocation, has received considerable attention in the literature. Using ELG as the performance metric, we compare the impact of trade execution delay on the relative performance of high-frequency trading versus buy and hold. While it is intuitively obvious and straightforward to prove that in the presence of sufficiently high transaction costs, buy and hold is the better strategy, is it possible that with no transaction costs, buy and hold can still be the better strategy? When there is no delay in trade execution, we prove a theorem saying that the answer is "no." However, when a delay is present, our simulation results using a binary lattice stock model indicate that the answer can be "yes." This is seen to be true whether cash financing is imposed or not. * Chung-Han Hsieh is a graduate student working towards a Ph.D. degree in the
I. INTRODUCTION
Stock trading based on Kelly's celebrated Expected Logarithmic Growth (ELG) criterion, a well-known prescription for optimal resource allocation, has received considerable attention in the literature. The formulation, first introduced with a betting scenario in the seminal paper [1] , has been extended to address stock trading and portfolio rebalancing problems; e.g., see [2] - [9] . The reader is also referred to [10] for a rather comprehensive exposition covering many aspects of the theory. This paper is most closely related to more recent work such as [11] - [14] which provide results on the effect of rebalancing frequency on optimal trading performance. Specifically, in [13] and [14] , it is shown that in a so-called idealized market with a stock satisfying a certain sufficient attractiveness condition, the buy and holder can match the performance of the high-frequency trader. Additionally, in [13] , it is shown that when transaction costs are added into the mix, consistent with intuition, the buy and holder can strictly outperform the high-frequency trader. In [14] , the question is raised whether this strict out-performance can happen when there are no transaction costs. In this paper, we prove that it cannot. In other words, for this case, high-frequency trading is unbeatable in terms of expected logarithmic growth.
This result brings us to the next question which we address in this paper: If there is a delay in the trading system, sometimes called latency, is high-frequency trading still unbeatable? Here we consider the case when the delay occurs in trade execution; this has not been considered to date in the existing ELG literature. To model this effect, a one-step delay is introduced into the dynamics, and we consider the so-called cash-financed case. In this context, our goal is to raise the possibility that when such a delay is present, the buy-andhold strategy can achieve strictly higher ELG performance than high-frequency trading.
The plan for the remainder of this paper is as follows: In Section II, for the sake of self-containment, we summarize our frequency-based formulation introduced in [13] and [14] . In Section III, we consider the no-delay case, and we provide our first result which we call the High-Frequency Maximality Theorem. This theorem says that in the absence of transaction costs, high-frequency trading is unbeatable in the sense of expected logarithmic growth. Then in Section IV, we extend the formulation to include both execution delay and cashfinancing considerations. Subsequently, in Section V, working with this new formulation, we use a binary lattice stock price model to demonstrate that the buy-and-hold strategy can outperform high-frequency trading. In Section VI, some concluding remarks are provided.
II. FREQUENCY-BASED PROBLEM FORMULATION
A single stock is considered for trading over a finite time window with prices S(k) > 0 for k = 0, . . . , n. The time between stage k and k + 1, call it ∆t, is potentially small in the spirit of high-frequency trading; e.g., a very small fraction of a second. Additionally, we assume that stock trading occurs within an idealized market. That is, we assume zero transaction costs, zero interest rates and perfect liquidity conditions. There is no gap between the bid and ask prices, and the trader can buy or sell any number of shares including fractions at the current price S(k). For more details on the idealized market assumption, see [17] .
In the sequel, we work with the stagewise returns
for k = 0, . . . , n − 1. We assume that they are independent and identically distributed (i.i.d.) random variables satisfying X min ≤ X(k) ≤ X max with −1 < X min < 0 < X max < ∞ being known bounds.
Given this setting, in this paper, we compare the performance of two traders. The first is a high-frequency trader who submits an order at each stage, and the other is a buy and holder who only submits one order at k = 0. Let the trader's account value and investment in dollars at time k be denoted by V (k) and I(k), respectively. We require that all trades be long-only, that is, I(k) ≥ 0, and cash financed; i.e., I(k) ≤ V (k). Since the price can decline at each stage by at most 100%, it follows that that V (k) ≥ 0 for all k. Now in the Kelly framework discussed later in this section, the trader's investment level is given by a linear feedback I(k) = KV (k); e.g., see [9] and [13] - [15] . Since our analysis is restricted to long-only and cash financing is assumed, we work with the constraint K ∈ K . = [0, 1] when there is no execution delay. On the other hand, when execution delay is present, as seen in Section IV, the constraint on K becomes 0 ≤ K ≤ 1/(1 + X max ).
Frequency Considerations with Zero Execution Delay:
To study performance for a high-frequency trader, we use V 1 (k) to denote the account value at stage k and the investment takes the form of linear feedback
where K ∈ K = [0, 1] is viewed as the fraction of the trader's account invested in the underlying stock. In other words, at each stage k, the investment level is rebalanced to the fraction K of the account value. For any admissible value of K, beginning with V 1 (0) = V (0) > 0, the dynamic evolution of the account value is described by the recursive equation
To emphasize the dependence of the final account value V 1 (n) on the feedback gain K, we sometimes write V 1 (n, K).
For the case of the buy and holder who does no rebalancing, using V n (k) to denote the account value at stage k, beginning with V n (0) = V (0), this trader uses investment 1] . Note that the fraction K used for the buy and holder is not necessarily the same K used for the high-frequency trader; i.e., for each of the two traders, the K-value used depends on the optimization of expected logarithmic growth. The buy-and-hold account value evolves over time via
Similar to the case of the high-frequency trader, whenever convenient, we use V n (n, K) instead of V n (n) to emphasize the dependence on K at the endpoint k = n.
Expected Logarithmic Growth Optimization Problem: For the two traders above, we consider expected logarithmic growths
and our goal is to find maximizers K * 1 and K * n achieving
respectively. In the sequel, K * 1 , K * n ∈ K are called optimal Kelly fractions for high-frequency trading and buy and hold, respectively.
III. NO DELAY: BUY AND HOLD VERSUS HIGH-FREQUENCY
In our previous paper [13] , we introduced the notion of a sufficiently attractive stock; i.e., one whose i.i.d. returns X(k) satisfy
We then proved that under this condition, the buy and holder matches the optimal performance achieved by the highfrequency trader; i.e., g * n = g * 1 .
In the theorem below, which does not assume the sufficient attractiveness condition, we prove that high-frequency trading is unbeatable in the sense that g * n ≤ g * 1 . One might expect this inequality to follow immediately from the intuition that trading more frequently is better in the absence of transaction costs; i.e., more feedback should improve performance. However, our conclusion is that there is not a simple proof based on this intuition. We also point out that when execution delay is incorporated into the model in Section V, it is no longer the case that g * n ≤ g * 1 .
High-Frequency Maximality Theorem: For the frequencybased trading scenario defined in Section II, it follows that
Proof: Using shorthand X k for X(k), for K ∈ [0, 1], the account value of the high-frequency trader is given by
Now, since X k > −1 for all k, and since 0 ≤ K ≤ 1, we have 1 + KX k > 0. Noting that the X k are i.i.d., the associated expected logarithmic growth for the high-frequency trader is
On the other hand, the account value for the buy and holder is given by V n (n,
is the compound return. To show g * n ≤ g * 1 , we use the smoothing property of conditional expectation to write the expected logarithmic growth as
To simplify the inner conditional expectation above, we use the independence of X n−1 and X n−1 and the fact that
Conditioning on X n−1 = x for x > −1, we write
Since the right-hand side is equal to g * n−1 , it follows that
We now have
Taking the supremum over K ∈ [0, 1] leads to
and, to complete the proof, it is noted that the foregoing argument for g * n also applies to any g * m for m > 1. Hence,
Similarly, for m = 3, it follows that
Continuing in this way we arrive at g * n ≤ g * 1 .
IV. EXTENDED FORMULATION WITH EXECUTION DELAY
Motivated by the fact that a trader's interactions with the market are not instantaneous, in this section, our aim is to extend the formulation in Section II to incorporate a onestep delay in trade execution. 1 Starting at stage k = 0, as in the zero-delay case, the trader, using investment fraction K, aiming to have stock valued at KV (0), places an order for N (0) . = KV (0)/S(0) shares. Due to the one-step execution delay, the N (0) shares are purchased at stage k = 1 at price S(1). Hence, the cost of the shares is
The factor 1+X(0), which involves the random return X(0), implies that the cost of executed the trade, and therefore the dollar amount invested, is uncertain. It is noted that this investment amount is distinctly different from the previous analysis where no delay was present.
It should be emphasized here that the analysis above at k = 0 holds for both the high-frequency trader and for the buy and holder. For the case of the high-frequency trader, similarly, our convention is that at stage k, the trader places an order for
shares which are purchased at stage k + 1 at price S(k + 1).
Account Value Dynamics with Delay: As in the zero-delay case described in Section II, the trade is required to be longonly and cash financed. To be more specific, for the highfrequency trader, we require that the corresponding investment
Then the evolution of the account value becomes 1 Although not considered here, it is also possible to model and analyze the effect of delays in various other parts of the trading system. For example, a delay might be present in transmission of information from the exchange to the trader. Further extensions of the theory to follow are relegated to future research.
On the other hand, for the buy and holder, since only one order is executed at stage k = 1, the long-only and cashfinancing conditions force investment I n (1) . = N n (0)S (1) where N n (0) . = KV n (0)/S(0), to satisfy
Then, for k ≥ 1, the corresponding account value is readily shown to satisfy the recursion
Since the number of shares never changes, it is straightforward to obtain the closed-form
Similar to the case without delay, for ELG purposes, we use the notation g 1 (K) and g n (K) to denote the performance, as a function of K, achieved by high-frequency trading and buy and hold, respectively. We denote optimizers by K * 1 and K * n and associated optimal values by g * 1 and g * n .
On Long-Only and Cash Financing with Delay: When execution delay is in play, in contrast to the no-delay case, K ≤ 1 does not guarantee cash financing. For the buy and holder at stage k = 1, cash financing requires I n (1) ≤ V n (1), which is equivalent to
Now using the fact that S(1)/S(0) = 1 + X(0) and V n (0) = V n (1) > 0, the inequality above holds for all possible values of X(0) if and only if K ≤ 1/(1 + X max ).
Combined with the long-only constraint I n (1) ≥ 0, we have
For the case of the high-frequency trader, as seen in the lemma below, once again, the same restriction on K results, but a lengthier argument is used.
The Cash Financing Lemma: For the case of one-step delay in execution, the high-frequency trader is long-only and cash financed if and only if
Furthermore, when K satisfies the inequality above, the trader's account value satisfies V 1 (k) ≥ 0 for all k ≥ 0.
Proof: The necessity of the conditions on K are established via the same argument used for the buy and holder given preceding the statement of the lemma. To prove sufficiency, we first need to establish the preliminary result that V 1 (k) ≥ 0 for all k. To see this, we note that V 1 (0) = V 1 (1) > 0. Using the assumed inequality on K, we have that
Continuing by induction, it follows that V 1 (k) ≥ 0 for all k. To complete the proof of sufficiency, we first use the nonnegativity of V 1 (k) to see that
To show that I 1 (k) ≤ V 1 (k) for all k ≥ 1, we proceed by induction by noting that for k = 1,
We next fix any k ≥ 1, and suppose that for all paths (X(0), X(1), . . . , X(k − 1)), we have I 1 (i) ≤ V 1 (i) for i ≤ k. We must show I 1 (k + 1) ≤ V 1 (k + 1). We split the proof into two cases: Case 1: If X(k) ≥ 0, then using the assumed bound on K and the fact that I 1 (k) ≥ 0, we obtain
Case 2: If X(k) < 0, then, with the aid of the standing inductive hypothesis I 1 (k) ≤ V 1 (k), we have
Now, using the facts that 0 ≤ K ≤ 1/(1 + X max ) < 1 and X(k) > −1, we observe that
This completes the proof of sufficiency.
V. DELAY: BUY AND HOLD VERSUS HIGH-FREQUENCY
In this section, we show that with trade execution delay, it is possible to see better performance for the buy and holder versus that of the high-frequency trader. To demonstrate this, we provide examples involving a binary lattice model for the stock returns. In such a model, X(k) takes the value X max > 0 with probability p and the value X min < 0 with probability 1 − p. The rationale for use of the binary lattice is that the computations to follow are not too complex and that this model is used in finance. In addition this model also has the property that as the time ∆t between stages becomes small, one obtains an approximation of the classical Geometric Brownian Motion which is widely used in the financial community; e.g., see [7] .
Before we provide our main example with n = 100 steps and with returns that are a somewhat reasonable facsimile of real-world trading, we first analyze a toy example with only three trades and unrealistic returns. For this simple case, it is easy to show mathematically, rather than by simulation, that execution delay in combination with the cash financing requirement leads to g * n > g * 1 .
Toy Binary Lattice Example: Let n = 3 and use returns X max = 0.8 and X min = −0.2 with equal probability. Since n is small, a straightforward calculation allows one to obtain both g 1 (K) and g n (K) in closed form. First restricting K to guarantee cash financing, we find that K * 1 = K * n = 1/(1 + X max ) ≈ 0.556 with associated expected logarithmic growths given by g * 1 ≈ 0.1009 and g * n ≈ 0.1104. Hence, the buy and holder outperforms the high-frequency trader by about 9.44%. If the cashfinancing constraint is removed, say by allowing K ∈ [0, 1], then a straightforward calculation leads to optimal fractions K * 1 = K * n = 1, which corresponds to allowing leverage. That is, the associated optimal investments satisfy
for i ∈ {1, n}. In this case, the associated ELGs are g * 1 ≈ 0.1237 and g * n ≈ 0.1262. Hence, the buy and holder outperforms the high-frequency trader by about 2.11%. Therefore, in this example, when delay is present, we see that if one drops the cash-financing constraint, the buy and holder still outperforms the high-frequency trader. This shows that delay alone, rather than in combination with the cash-financing constraint, can allow the buy and holder to outperform the high-frequency trader.
More Realistic Example: Since our goal is to argue that when execution delay is present, real markets might also see that the buy and holder outperforms the highfrequency trader, below, we now work with smaller returns and n = 100. We consider the binary lattice model with returns X max = 0.02 with probability p = 0.6 and X min = −0.01 with probability 1 − p = 0.4. When there is no delay, we recall the sufficient attractiveness inequality from Section III and note that for the more general binary lattice model parameterized in X min , X max and p, the inequality reduces to
For the values of X min and X max under consideration, the sufficient attractiveness condition reduces to p ≥ 0.34, which is satisfied since p = 0.6. Starting with V (0) = 10, 000 and stopping at stage n = 100, we obtain the optimal fractions K * 1 = K * n = 1 and identical optimal expected logarithmic growths; i.e., g * 1 = g * n .
We now consider the effect of a unit execution delay. According to the Cash Financing Lemma in Section IV, we require 0 ≤ K ≤ 1/(1 + X max ) ≈ 0.9804. For the buy and holder, we use the closed-form solution in Section IV to calculate g n (K). Indeed, a lengthy but straightforward calculation leads to
Then, by plotting g n (K) versus K, we see in Figure 1 that the optimal fraction K * n ≈ 0.9804 corresponds to the limit imposed by cash financing. We also obtain the associated optimal ELG g * n ≈ 0.007719; see the dash-dotted line.
On the other hand, for the high-frequency trader, since a closed-form for g 1 (K) is unavailable, we perform a Monte-Carlo simulation using 500, 000 sample paths. In Figure 1 , from the plots of g 1 (K) and g n (K) versus K, we obtain K * 1 = K * n ≈ 0.9804, which leads to the optimal expected logarithmic growth g * 1 ≈ 0.0076. Recalling that g * n ≈ 0.007719, the optimal ELG for the buy-and-hold strategy exceeds that of the high-frequency trading strategy by about 1.1%. The difference g * n − g * 1 > 0 is consistently observed when one carries out many repetitions of the simulation. It is also noted that, if one drops the cash-financing constraint, then the optimal fractions become K * 1 = K * n = 1, which corresponds to allowing leverage as we saw in the n = 3 case. That is, the optimal investments satisfy
for i ∈ {1, n}. In this case, we obtain g * 1 ≈ 0.0077 and g * n ≈ 0.007826, which shows that the buy-and-hold strategy outperforms the high-frequency strategy by about 0.56%. This shows again that delay alone, rather than in combination with the cash-financing constraint can lead to g * n > g * 1 .
Binary Lattice with Variable Probability: We consider the binary lattice example above with the same parameters X max = 0.02, X min = −0.01 and n = 100, but now let the probability p vary. Recalling the analysis in the previous subsection, when there is no delay, the trade is sufficiently attractive if p > 0.34. Thus, within this range of p, for the no-delay case, the buy and holder matches the performance of the high-frequency trader. However, when a unit execution delay is in play, via a lengthy computation, it is readily verified that the percentage difference (g * n − g * 1 )/g * 1 × 100% versus p shows an increasing "margin of victory" for the buy and holder as p varies over its range. At p = 0.35, this difference is about 0.1% and as p → 1, it reaches about 1.9%.
Remark on Fractional Kelly Strategies: The optimum above for p = 0.6 in the subsection titled "More Realistic Example" requires that almost all funds be invested in the underlying stock; see Figure 1 . Since this might be viewed as far too aggressive for many traders, many authors suggest using a so-called fractional Kelly strategy. This is obtained by scaling down the fraction K so that the investment level is lower; e.g., see [4] , [5] , [15] and [16] . Now if one uses a fractional Kelly strategy for the binary lattice model above, as seen in Figure 1 , the "margin of victory" for the buy and holder can be larger. In fact, g n (K) > g 1 (K) for the entire open interval 0 < K < 1.
VI. CONCLUSION AND FUTURE WORK
In this paper, we studied two stock trading strategies using Kelly's expected logarithmic growth criterion as the performance metric. We first proved a theorem showing that highfrequency trading is unbeatable when there are no transaction costs and no execution delays. Then, when delay in execution is considered, we showed, using a binary lattice model, that there are cases when trading at high-frequency can be inferior to buy and hold. The binary lattice stock model used in Section V is based on a mathematical model with returns X(k) which are larger than those seen with real highfrequency trading data. Thus, it is important to ask whether the buy and holder can still achieve a higher ELG than a high-frequency trader based on a real-world model obtained from historical data. This issue is relegated to future research.
Other Future Research Directions: Regarding further research on delay-related issues, an interesting direction would be to extend our results to include delay in information acquisition. Another direction of future research is motivated by the fact that we only dealt with a single stock in this paper. We envision a formulation which involves a portfolio with multiple stocks. Our work to date suggests that a generalization of the High-Frequency Maximality Theorem given in Section III should be possible. If this proves to be true, such a result would serve as a good starting point for future work.
